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ABSTRACT

A foremost objective of modern research is the development and optimization
of computer simulations that can accurately predict the behavior of materi-
als from the atomic scale for any arbitrary system, and we expect such mod-
els to closely agree with experimental measurements of macroscopic behavior
(Pressure-Volume diagrams, heat capacity, etc) and microscopic behavior (pair
correlation functions, reaction mechanisms, etc). Such simulations are called
molecular dynamics simulations or simply MD. In 2025 MD is central to modern
computational science, enabling the study of protein folding, nucleation processes,
and phase transitions that remain experimentally intractable. Unfortunately, many
such systems of interest suffer from the rare event problem due to rough free en-
ergy surfaces, leading to poor sampling with physics based techniques. This report
makes the case that obtaining these samples via deep generative models can be
computationally efficient amortize costs effectively solving the rare event problem,

1 INTRODUCTION

Molecular simulations provide a practical route for connecting microscopic structure and dy-
namics to experimentally measurable signals. In particular, they can be used to predict scattering
patterns (neutron and X-ray) as well as spectroscopic observables spanning near-infrared (Czarnecki
et al.,[2015)), terahertz (Schmuttenmaer, 2004), sum frequency generation (SFG) (Hosseinpour et al.}
2020), and nuclear magnetic resonance (NMR) (Mishkovsky & Frydman, [2009) measurements. As
these experimental probes are increasingly applied to characterize hydrogen-bond networks in inter-
facial water (L1 et al.| 2022), electrolyte solutions (Wang et al., 2022), and biological environments
(Meng et al |2023), there is sustained interest in simulation methodologies that can compute such
observables from first principles (Gastegger et al., 2017). Together, these applications underscore
the central role of molecular dynamics across chemistry, materials science, chemical engineering,
and biology.

Realizing this promise hinges on generating ensembles that are truly representative of the equi-
librium (or steady-state) distribution (Bolhuis & Dellagol 2010). For many chemically and biolog-
ically relevant systems, however, the underlying free-energy landscape is rugged, with long-lived
metastable basins separated by high barriers (Prinz et al.,|2011). When the transitions between these
basins occur on timescales beyond what is accessible to straightforward simulations, trajectories
can appear well-equilibrated within a mode while still failing to explore other important regions of
phase space, motivating the use of specialized sampling strategies. In this paper we will explore this
phenomena and how we resolve it using deep generative modeling.

1.1 STATISTICAL PHYSICS

To understand how these complex observables are modeled we first need to consider the essential
physics involved. As a hallmark example, consider a molecular/atomistic system consisting of N
point particles each with their own mass m;). In classical mechanics the dynamical state of the

system is completely specified by the 3N coordinates g" := 4(1):" 4y and 3N momenta

pV = P(1); - - - Py~ Bach coordinate and momenta vector lives € R3 and as a collective are an

element € RSN = (). At constant number, temperature, and volume the dynamics of such a system
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is well modeled by the Klein—Kramers stochastic differential equations (SDE) (Kramers|, |1940).

Pi)
dpy = =Pyt — Va, U(q™)dt + \[2ym ke TAW ), dg(;y = m(; dt (1)

Under the following variable changeﬂ z; = [¢",p"] T one can show that this SDE satisfies a
corresponding Fokker-Planck partial differential equation (PDE) given by

dip(.t) = =V - (u(@)p(x, 1)) + 5V - (00 " Vp(a, 1)) = —Lp(x, t) 2)

where L is the generator of motion (Risken, |1996). By setting ;p(x,t) = 0 one can show that in
the long time limit (t — o0) p approachs the so-called Boltzmann distribution or its marginalized
form the configurational Boltzmann distribution.

N N
p(qN,pN) — 7 1eg—BH(@".p") (3)
_ _ N
= p(qN)z/ (g™, pN)dpN = Qe @) )
R3N
where (Q)) Z is the (configurational) partition function and H is the Hamiltonian a.k.a. the total

energy of the system.

The Boltzmann distribution may be used to estimate physical properties of the system of interest.
For example, the heat capacity is found with

Cy = ag[q{{ I — heat capacity 5)

which represents the amount of hear which must be supplied to the system to produce a change in
its temperature. In fact, all physical properties of a system can be written as an expectations over
this distribution. Some other examples are given below

0H
U =E[H]| = internal energy p = —E [OV] = pressure, S = —kpE[Inp| = entropy (6)

In general, for an observable f : 2 — R, the experimental observation of f is given by E[f].
Special examples of f give rise to aforementioned scattering patterns, NMR spectra, and even the
SFG. This setup gives us the fundamental problem which molecular dynamics aims to solve: How
can we sample equation 3] despite the intractability of the partition function Z.

1.2 MOLECULAR DYNAMICS AND ADVANCED SAMPLING

The most common tool used for sampling equation [3| is molecular dynamics. There are many
such permutations of any given scheme, however most are based around the generator £. By dis-
critizing time using a Trotter factorization [Trotter| (1959) one can solve the split partial differential
equation analytically. This scheme, originally developed by |Verlet| (1967)), can be thought of as a
discretization akin to the Euler-Maruyama scheme. Formally, by applying the Metropolis correction
(Metropolis et all [1953) this gives rise to the Markov chain Monte Carlo (MCMC) scheme de-
scribed in algorithm [I] (Bussi & Parrinello} 2007). By applying the Metropolis Hastings correction
we can assert that the the Boltzmann distribution is stationary with respect to this sampling process.
For completeness, we derive this algorithm exactly in in sections [6.1.2] and [6.1.3] and prove that it
satisfies detailed balance, and hence is stationary.

Unfortunately, like most MCMC schemes, the sampling can suffer from the rare event problem
when modes are separated by regions of low probability density (Bolhuis & Dellago} 2010). We ex-
pand on this point mathematically in supporting information section|6.1.5] When this issue presents
itself in the context of MD simulations the results can become biased and unrealistic, defeating the
point of MD entirely. In the past this has been resolved using techniques such as transition path sam-
pling (Dellago et al.,|2002)), forward flux sampling (Allen et al.,[2009), parallel tempering (Swendsen
& Wang, [1986), among others. Such techniques tend to require a careful hand, and are not easily
transferrable across chemistries and conditions. As a scientist, to use one of these techniques on a

'A constant number, temperature, and volume distribution is only example of the distributions in statistical
physics. Details about this and the mystical varible change are provided in supporting information section@
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brand new system of interest one has to start from scratch, rediscover relevant collective variables
describing the slow dynamics, and recompute all the reaction pathways for the new system.

Additionally, Markov chain methods (such as algorithm [I)) generate correlated samples through
a sequence where the next state o, depends on the previous x;. This sequential dependency
fundamentally limits efficiency: obtaining N independent samples requires O(NT,) chain steps,
where the integrated autocorrelation time 7, quantifies the correlation length (Foreman-Mackey
et al.,|2024). For molecular systems near phase transitions or with multiple metastable states, Tiy
can exceed 10 steps in the worst cases.

1.3 SAMPLING WITH GENERATIVE MODELS

With the challenges outlined above in mind, we ask why not use the vast amount of data available
to enhance the sampling on unseen systems? Generative models do exactly this while (1) eliminating
the bottleneck induced by autocorrelation times, (2) prevent exponentially small transition rates
induced the rare event problem, and (3) allow a transfer of knowledge across chemistries. They do
so by learning a direct map 1"y which pushes samples forward from some easy-to-sample probability
distribution pq into the desired Boltzmann distribution like

x =Ty(z) ~ p(x) where =z - po(2z) (7

This i.i.d. sampling property means N samples require exactly /V solutions of equation [20} which
may be done in parallel. The computational cost then shifts from runtime sampling to one-time train-
ing, amortizing over unlimited future samples. One may be concerned with the a lack of theoretical
convergence with only finite data, however if we have access to the Hamiltonian, we can easily
correct the samples using the Metropolis criteria. Theoretically speaking, this implies a generative
model is as good as typical MCMC scheme in terms of accuracy.

There are many such generative models which can achieve high accuracy when it comes to Boltz-
mann sampling. In this work we explore the stochatic interpolant framework |Albergo et al.| (2023).
We do so for one simple reason: Stochastic interpolants contain all diffusion and flow based mod-
els as special cases. There are other reasons, however this is the primary reason. Outside of this
Stochastic interpolants have: variable interpolant choices for a broader design space, the ability to
use arbitrary base distribution pg unlike diffusion, the ability to use SDE or ODE based sampling,
and theoretical connections with non-equilibrium thermodynamics (He et al.,2025) via the Jarzynksi
inequality (Jarzynski, [1997).

2 RELATED WORK

Various generative models have been applied to approximate equation [4] including generative
adversarial networks (Jones et al.,2024)), variational autoencoders (Monroe & Shenl|[2022), and even
exotic Lagrangian based methods (Du et al.,|2024)) to name a few. These methods leverage sequences
from equation[I] as dataset a D and the Hamiltonian H. In particular, Boltzmann generators (BGs)
(Noé et al., 2019), which is an example of an equilibrium sampling method (ESM), are able to
take advantage of the known energy by introducing an auxiliary loss when compared with typical
normalizing flows. Usual normalizing flows maximize the following probability

log po(x™) ~ log pz (T(T)) + log | Jr, | ®

where p is an easy-to-sample prior distribution. With access to the log probability via the Hamil-
tonian we can also compute, up to an additive constant, the log density in the latent space variable z
induced by T'y:

log pz(z) ~ —BH (T, " (2)) + log ||+ C. )
enabling forward and backward losses for a data-free objective.

Since then the paradigm has evolved past invertible neural networks, instead using continuous nor-
malizing flows (Klein & Noél [2025). In these methods, rather than fitting the limiting distribution,
they fit the transition probability kernel itself. Mathematically, this kernel is given by the formal
solution to equation [2| p(x,t) = exp(—L)p(x,t). We denote these as non-equilibrium sampling
methods (NESM). In particular, there are methods such as ITO (Schreiner et al., [2023)), BoPITO
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(Diez et al.} [2024)), and Timewarp (Klein et al.| 2023). By modeling the transition kernel rather than
the equilibrium distribution they obtain a modified training paradigm compared to standard flow
modeling. They now require a pair of temporally related states from the dataset D. To highlight
their differences, we provide algorithms in the supporting information which describes the training
process of a standard flow model (Lipman et al., 2023) with a conditional optimal transport path for
both a ESM and a NESM respectively.

With a trained NESM or ESM one has access to many additional results beyond plain sampling.
Raja et al.| demonstrated that pre-trained generative models can be repurposed for transition path
sampling in a zero-shot manner. Their method interprets candidate transition paths as trajectories
over the data manifold that minimize the Onsager-Machlup action functional (Onsager & Machlup,
1953) under the learned score function. By leveraging pre-trained models without task-specific
retraining, this approach obtains diverse, physically realistic transition pathways and generalizes
beyond the original training distribution.

Furthermore, Arts et. al. have proven that training score-based generative models on coarse
grained (CG) data implicitly approximates a CG force field —VU, which can be exported to directly
simulate CG MD |Arts et al.| (2023). This allows the score-matching framework to connect with
broader statistical mechanical theory and compete with standard CG methods, such as relative en-
tropy minimization Shell| (2008). These works exemplify the trend toward re-purposing large-scale,
general-purpose generative models for specialized sampling tasks (Liu et al., 2023).

3 METHODS

In this methodological development we will describe three primary prongs: (1) Symmetry in phys-
ical systems and the consequences for generative models. (2) Generative modeling with stochastic
interpolants. (3) Equivariant architectures to assert accurate sampling. While each of these topics
are not novel on their own, we hope the discussion, free to access implementation, and unique com-
bination is a valuable contribution to the research corpus. Other generative Boltzmann sampling
models account for equivariance and apply flow/diffusion concepts, however, we believe the expo-
sition and provided python package will allow for hastened development of deep learning methods
and can serve as a jumping off point for future researchers.

3.1 SYMMETRY AND EQUIVARIANCE

From vast amounts of experimental evidence we know that equation [3| exhibits symmetry with
respect to rotations and translations (which constitute a mathematical group). The reasoning behind
such symmetry is that the laws of classical physics do not change depending on your reference frame,
this is akin to choosing a basis on a vector space. If at any point the result of calculation depends
on the reference frame then the calculation must be wrong. The group in question is known as the
special Euclidean grouIﬂ SE(3). Consider the case when N = 1, the action of a group element
g € SE(3), which may be represented by a translation 7 € R? and a rotation matrix @ € SO(3),
is applied to the components in the following way

a6 > Q- (au) +7) =4, Pu — Q Py =P, (10)

Under such a group action the Hamiltonian is known to remain invariant H(q",p") =
H (f]N Y ), which in turn makes the distribution in equation |3| invariant to the same such action
= p(gV,p") = p(@",p"). This feature of the distribution must be accounted for in any model
of it, otherwise we will be violating the laws of physics. Many generative models work under the
assumption of a differentiable bijection T’y acting on a d-dimensional real vector g between some
easy-to-sample base distribution pz at flow time (not physical time) ¢ = 0 and the distribution of in-

terest at s = 1. The bijection can then be applied to obtain a model distribution via the pushforward
Tg’# [ . ] like

log po(q,t = 1) = Ty, 4 [log pz] (q) =log pz (Ts(q)) + log|Jr,|. (11)

The definition of SE(3) is given by SE(3) ~ R® x SO(3). It is the semidirect product of translations
and rotations, constituting the set of reference frames.
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where Jr, is the determinant of the Jacobian. In the context of flow based ESM model the bijection
is commonly written in terms of a velocity vg like

s = [ g (b (9),5)ds' —> To(q) = by (q). (12)

Which in turn implies a family of distributions over time.

The question then remains, what properties does the velocity vy giving rise to T’y need to have in
order to ensure that all symmetries g € G leave the density py(q,t) unchanged? We require:

Vg€ G:pg(goq,t) = po(q,t). (13)

This problem was investigated by Kohler et al.| (2020), in that work they proved the following state-
ment: Let G and H be groups with representations on RYV. Let p be a density on R™ which is
G-invariant where G is a subgroup of H (i.e. G < H). If f is a H-equivariant diffeomorphism, i.e.
Vh € H,q € R": f(hoq) = ho f(q),then f,[pz] is H-invariant. This implies the following
statement in our context: in order to obey the laws of physics our velocity function by must rotate if
its input q is rotated, i.e. it must be equivariant..

This bounds the set of all models to the subset of only those models which commute with rotation.
As described in the proposal, one method to achieve this is data augmentation, however this provably
less efficient in some cases (Mei et al., 2021) and empirically shown to be worse (Schiitt et al.,
2021). Although there is evidence pointing towards built in equivariance, it is still debated which
is the correct method in practice. Recently |Plainer et al.| (2025) have opted for data augmentation
for approximate equivariance in the context of equilibrium Boltzmann sampling and have shown
competitive performance in terms of both accuracy and computational effort.

3.2 INTERPOLANT DESIGN

In order to sample equation 4 we built a stochastic interpolant (Albergo et al.| 2023, establishing
us as an ESM. To do so, we made the choice of base and target distribution

. _ _ N
p(qNat:()) :N(qN|0N7021dR3N)7 p(qNat: 1) =Q le AUa™) (14)
along with the choice of interpolant
q: :I(taq03q1)+’y(t)za te [07 1]7 (15)

where z ~ N(z|0,idgs). This formula is understood to be applied to each atom in the N body
system. In particular, we further restricted the interpolant to be temporally and spatially linear with
a relatively simple volatility scale ~y(s), meaning.

I(t,q0,q1) = (1 =1)qo +tq1,  ¥(s) = ay/2t(1 —t). (16)
Leaving only two free interpolant hyperparameters as a and o.

This setup creates a stochastic process connecting the base and target distribution. There exists
two key functions which describe p(q,t), namely the velocity b and the denoise 7. These are
defined as

b(t,q) =E[0:1(t,q0, 1) +7(t)z | g, =q] n.(t,q) =E[z]q, =q]. (17)

where z is a normally distributed random variable independent of the end points. These functions
then describe three partial differential equations: (1) the transport equation, (2) the forward Fokker-
Planck equation, and (3) the backward Fokker-Planck equation.

To train such an interpolant we utilize the following losses
Ly(0) =E [5lbo(t, q,)II” — (9:L(t, g0 a1) + 7(t)2) - bo(t. q,)] (18)
L,(0) = E[3lln.(t.q)|* = 2 n.(t,q,)] (19)

where the expectation is taken over uniformly distributed times ¢ € [0, 1], gy ~ po, and q; € D
where D is the dataset sampled from p; which is the configurational Boltzmann distribution in

3The denoiser 7, is related to the score S via S(s,q) = =y~ (t)n.(t,q) = Vqlog p(q™ ;1)
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equationfd] If you look closely at the loss you can notice that it is similar to the loss of a flow model
(Lipman et al.} [2023). The only difference is the introduction of a latent noise parameter z, which
provably improves the upper bound on the KL divergence between the model pushforward and the
data distribution (Albergo & Vanden-Eijnden, 2023)).

The sampling procedure can then be done two ways. The first given by numerically solving the
deterministic probability flow (left) SDE (right) defined with

d ¢
% = bolt,a), da, = (bo(t.q) — St a,)) dt + 2e(DdW. (20)

where €(t) > 0 is an inference time hyperparameter controlling the diffusivity of the sampling. In
principle any interpolant satisfying the axioms outlined by |Albergo & Vanden-Eijnden| (2023) could
be chosen. We opted for the simple choice of a temporally and spatially linear set with ¢ = 0.1 and
o = 0.5 as an initial test case. At the time of this report we did not have the opportunity to ablate
these parameters alongside the underlying interpolant functional form.

3.3 GEOMETRIC GRAPHS AND EQUIVARIANT MESSAGE PASSING NEURAL NETWORKS

For our use case of approximating equation ] we require an equivariant velocity by. To this end,
we apply equivariant message passing graph neural networks. Such a model is based on a geometric
graph G representing the state of the V body system with coordinates g’¥. Mathematically such a

geometric graph is defined by the set G := {(q(i), f(i)} which represents the location g, and state

f(;) of node i in the graph. Importantly, this is a set, meaning order does not matter. We choose
the features f; to be coefficients of the spherical harmonics, meaning they are spherical tensors.
Formally speaking, a tensor of rank p is a multilinear map from p copies of some vector space to the
real numbers |[Schrodinger| (1985).

When someone lists out the components of a tensor they must realize that it is tied to a given basis.
The components come from an evaluation of the multilinear map at all possible combinations of the
basis vectors. This implies under a rotation @ the components transform as the basis vectors also do.

Such a transformation is given by f£ — fo;l DY), (Q) f£ where DY), (@) is the mnth component
of the block diagonal Wigner-D matrix of rank /. Each rank ¢ contains 2¢ + 1 components. The
block diagonal property of D is due to the spherical tensors being the irreducible representations of
the group O(3) < E(3).

To process a geometric graph we require a neighborhood rule. In order to preserve equivariance
such a rule must be only dependent scalar properties, such as relative distances ||q; — q;||. We do
exactly this, implying j € N; < ||qj — q;|| < Tmax If rmax is sufficiently large this corresponds
to a fully connected graph. We opted for r,,x — 0o in our implementation.

Given G along with the neighborhoods ; we then require equivariant modules which preserve ro-
tations. The allowed operations are outlined by |Duval et al.[(2024), however we recap the important
concepts here briefly.

1. Scalarization: Scalarization can be done through the use of a tensor contraction. This involves a
conversion from spherical to cartesian tensors and then summation over tensor dimensions using
a Dirac delta symbol d;; or a Levi-Civita symbol ;. This process lowers the rank of the tensor.

2. Linear Transformation : Tensors may be summed with one another as long as they share
their tensor rank. They may be combined linearly in the typical way with scalar multiplication
followed by summation. Some call this a n-mode (matrix) product of a tensor. However, there
is no reason for such complication. It is just a linear map.

3. Tensor Products: The tensor product takes a tensor 7" of rank p and a tensor S of rank ¢ to a
tensor of rank p + ¢. The resulting tensor .S ® T is again a tensor.

4. Scalar Non-Nonlinearities: Any operation may be done on the scalars. Typically these are just
multilayer perceptrons.

With these operations in mind, we use a message passing neural network that takes interpolant
time ¢, noisy interpolant positions g.¥, and per-particle physical features (charge, mass, particle size,
well depth, and atom type). Time and physics features are embedded using sin-cos encoding (Ho
et al.| 2020) and MLPs respectively. A neighborhood graph is then built directly from the geometry
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Figure 1: Our message passing neural network. (Left) the entire network, (Center) deep message
passing module, (Upper Right) a message module, (Lower Right) an update module.

of gV (e.g., a radius graph). For each neighbor pair, the model computes the edge length and
direction from the relative displacement, expands the edge length with an RBF basis, and expands the
edge direction with spherical harmonics. These geometric expansions, together with the embedded
time/physics context, are passed through a conditioner network, whose outputs are then fed into two
heads: an 7-net and a b-net. The conditioner, 7-net, and b-net share the same architectural template
(same layer types and connectivity) but use separate parameters, and each is implemented as a deep
message passing network.

Each deep message passing network consists of a repeated sequence of message/update blocks
with two skip connections. Starting from state (a), message and update functions produce interme-
diate state (b). This intermediate state is then combined with point (a) via a residual summation skip
to form point (b), after which a second message/update block is applied. Finally, a concatenation
skip forms [(a), (b), current], which is mapped back to the hidden dimension by a linear layer. This
full pattern is repeated twice, with the two repetitions using different parameters.

In the message layer, we split each node’s scalar and tensor features into two streams. The
scalar stream, together with the edge RBF embedding, is passed through an MLP to produce mixing
weights. These weights parameterize a weighted tensor product between the node’s spherical tensor
features and the edge spherical harmonics, yielding edge messages. The edge messages are summed
over each node’s neighborhood, concatenated with the node’s original state, and mapped back to
the hidden dimension with a linear layer. In the update layer, the tensor stream is enhanced by con-
catenating the tensor-square with the original tensor features, then scalar stream is split to produce
scalars used for scalar multiplication with the tensor features. The resulting tensor features are then
passed through a linear layer followed by a geometric layer normalization.

4 RESULTS

We evaluate our equivariant stochastic interpolant on an alanine dipeptide system, a 22-atom
benchmark dataset found on mdshare from the Markov Modeling Group| (2024). The model was
trained on 25K randomly subsampled trajectory frames and rescaled to have zero mean and unit
standard deviation. 5K additional frames were chosen as a testing set to gauge overfitting during
training. We opted hidden spherical tensor features up to rank ¢ = 1, details can be seen in the
provided code within the EquivariantMINTModule object instantiation. In total we have 13.5 M
trainable parameters. We run our code on MSI on the sarupria group account using interactive
GPUs. We trained our network for 13k steps with a batch size of 128. Training and testing losses are
shown in figure[2] This process took approximately 9h 58m 47s and completed a total of 120 epochs.
A GitHub repo is provided https://github.com/WinstonWinstonWinston/mintl
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Figure 2: Loss curves logged with Weights & Biases (wandb). The top panel shows the velocity
by loss and the bottom panel shows the denoiser 77, loss. Training is shown in blue and validation
in orange. Faint traces show the raw (per-step) values, while solid traces show a simple moving

average with window size 250 steps.

Initially, to evaluate performance we computed the equivariance error. In particular we use the
commutator. The commutator between a neural network N Ny and a rotation R which both act on
data D is given by

[R, NNg|(D) = R(NNy(D)) — NNg(R(D)). 1)

A neural network is considered equivariant if the commutator is zero. Applying this to our network
results very low errors due to the exactly equivariant structure. These are summarized in table[I]

Tensor  Status Mean (A) Std. (A) Max (A)  Tol. (A) ||'[[betore  ||||atter
feona  OK 8543 x 107 1.168x 106 2575 x10° 1x10°° 1046  10.46
b OK 1.175 x 107%  1.504 x 1076  1.621 x 107> 1 x 1073 1.573 1.573
7, OK 7.61x 1077 1.331x107%  2.05x 1075 1x107% 04525 0.4525

Table 1: Summary statistics of equivariance error in equation 21{(in A) computed over 128 samples
from the test dataset.

To further evaluate the effectiveness of our model even further we computed the free energy
marginal, or Ramachandran plot. It is defined as

F(y',¢") = =k TIE[S(¢' — ¢(a™))d(y" — (™)) (22)

where the functions ¢ and ) measure the dihedral angles of backbone of alanine dipeptide. These
angles are shown at the top of figure[3] In alanine dipeptide, the Ramachandran plot is a compact
benchmark for whether a model samples backbone conformations correctly. Matching the locations
and relative populations of the major basins indicates that the underlying energy landscape and
backbone torsional energetics are realistic. If the plot is mismatched, it usually signals errors in
the balance of local sterics, electrostatics, and solvation that will propagate to larger peptides and
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Figure 3: Ramachandran free-energy surface (kJ/mol) for alanine dipeptide: (left) reference dataset,
(right) generated model. The alanine dipeptide molecule is shown at the top.

proteins. Because alanine dipeptide is small and well-studied, deviations are easy to diagnose and
directly tie to sampling deficiencies.

5 DISCUSSION AND CONCLUSIONS

Across experiments, the implemented exactly equivariant message passing network consistently
generated physically plausible configurations. In particular, the Ramachandran distributions of gen-
erated samples closely matched those of the reference data, indicating that the model captures the
underlying conformational physics rather than merely reproducing superficial statistics. A central
practical outcome is that inference-time sampling is substantially faster than conventional molecular
dynamics while remaining faithful to the same physical constraints observed in the dataset. Because
the model produces independent and identically distributed samples, it also directly mitigates the
rare-event bottleneck of MD. However, we want it to be quicker. The dominant failure mode ob-
served was runtime speed during training and/or generation compared with non-equivariant neural
networks. While this architectural choice improved fidelity, it imposed a substantial performance
penalty that limits scalability.

To address this, we implemented a data augmentation routine paired with a plain graph trans-
former (non-equivariant). This alternative delivered an approximately 10x speedup, confirming that
much of the bottleneck stems from the equivariant operations themselves. Despite the improved
throughput, the approach did not reach the quality level of the equivariant model, with reduced
agreement in the physics-sensitive metrics (including the conformational statistics reflected in Ra-
machandran space and the commutator errors). These results highlight a key limitation: removing
equivariance can recover speed, but preserving the same physical accuracy is nontrivial. We believe
with more time we could have gotten this method to work and that it is the future of the field. For
completeness, the Ramachandran analysis for the graph transformer is provided in the supporting
information section [6.3] The results suggest a clear direction: steer away from strictly equivariant
networks if the goal is scalability to full liquids, while compensating for the lost structure through
other means. Furthermore, we hope to apply the aforementioned specialized sampling methods, in

particular the force field extraction introduced by (2023).
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6 SUPPORTING INFORMATION

6.1 STATISTICAL PHYSICS

6.1.1 THE DISTRIBUTIONS OF STATISTICAL PHYSICS

Consider a molecular/atomistic system consisting of IV point particles each with their own mass
my;). In classical mechanics the dynamical state of the system is completely specified by the 3V

coordinates gV := 4(1), - ,4q(n) and 3N momenta pV = P(1), - - - Py~ Each coordinate and

momenta vector lives € R? and as a collective are an element € RSN = Q. Colloquially these are
known as phase points. We call the function U : R3"N — R the potential energy and its derivative
—V U : R¥3N — R3N the force field. It will be useful later on to introduce the Hamiltonian H of
a phase point. It is given by

H(g",p") = 3(™)"M~'p" + U(q") (23)
where M is the mass matrix given by M = diag(m)Is,...,mn)I3) € R3N*3N,

Classically we care about the dynamics of such a system. Newtons equation F' = ma does the
job (Newtonl |1687), however when dealing with many body systems and statistical averages it tends
to be easier to describe the motion using Hamilton’s equations. These are completely equivalent to
Newtons formulation and are the basis for nearly all algorithms of molecular dynamics. Hamilton’s
equations are a set of coupled ODEs, for each particle these are given by

d oOH d oOH
— T = ——, — Py = ———. 24

The resulting ensemble/distribution in the long time limit is known as the microcanonical distribu-
tion and it is given by

1
aE v
(B, V,N)
where the delta form is actually due to the conservation of energy inherent to Hamilton’s equations.
The microcanonical partition function is given by

1
=15

where h is Planck’s constant. This set of equations models a system with constant number N,
volume V, and energy E.

p(z™,pV) = E—H(z",p")) 25)

/5(}3 — H(z™,p"))dz" dp™ (26)

Alternatively, the motion of a phase point in the canonical ensemble, with constant temperature
T as opposed to energy, is determined by the second order Langevin equation (Lemons & Gythiel,
1997), in particular the stochastic differential equation (SDE) introduced by |[Kramers| (1940).

P
dp iy = =Py dt — Va, Ulq™)dt + \[2ym ks TAW 5y, dqy = ——dt (27)

m (i)

where T is the temperature, v is the friction coefficient with the heat bath, k; is Boltzmann’s con-
stant, and dW(i) is a delta correlated, zero mean, 3-dimensional Gaussian process. These SDEs
are essentially stochastic versions of Hamilton’s equations. Note it is sometimes easier to utilize
ﬂ = (ka)_l.

It can be helpful to change variables from ¢”, p" — x, where the subscript is meant to empha-
size the time dependence. The subscript on & may be omitted in cases where it is the space variable

. T .. .

of a PDE. In particular, let ¢; = [¢"V,p"]  which lets us define the drift p : R® — RV and the
volatility o € RSN X6V Jike

(22) = M pt . 0 (28)
P =1 _apN — v wU(@™)] 77 [0 MY2\ 29k, T

This converts eq. |I|into the standard SDE form with the 6.V dimensional Wiener process given
by dxy = p(x:)dt + odW,. SDEs in the standard form are known to satisfy the Fokker-Planck

10
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equation

which describes the evolution of the probability density of the system being at a given phase point
x at time t. The quantity £ is known as the generator or the Fokker Planck operator. The formal
solution to equation [2|for a finite timestep is given by

p(x,t) = exp(—tL)p(x,0) = U(t)p(x, 0). (30)
Often U (t) is called the time evolution operator or the propagator.
The Markov chain generated by eq. [T] can be shown to approach the so-called Boltzmann distri-

bution, p(x™, p™) in the limit as ¢ — oo.

p(x™, p") = mexp[—ﬁH(wN7pN)} 31

where Z is partition function given by

1
7 = NN /exp [ — BH(z™,p™)|dz™ ap". (32)
To prove that this is the case simply set 0;p = 0 in equation [2]and use the Boltzmann distribution as

an ansatz.

The momentum is typically marginalized over as it is a Gaussian and easy to sample in closed
form. This finally gives the configurational distribution, which we care about, as

N
pla’) = / pla™, pM)dp™ = Qe V) (33)
where () is the configurational partition function. As described in the proposal, this has many uses

when it comes to modeling proteins, fluids, solids, and really any material.

In principle, there are many such permutations of such a probability distributions over phase
space. In fact, if we allow the particle number N to vary then it is given by

1 1
(B, V) BN N

where p is the so called chemical potential and © is the grand canonical partition function given by

p(wN,pN,N)ZG exp [ — B(H(zN,p") — uN)] (34)

> eBuN
O=> N / exp [ — (2, p")]daN dp™ (35)
N=0

This distribution as a probability measure on the disjoint union of the N-particle phase spaces, which
is very similar to the Fock space of quantum statistical mechanics. We could keep listing distribu-
tions in this manner, holding some thermodynamic variable constant, creating an SDE/ODE, and
writing the limiting distribution.

6.1.2 THE STANDARD NUMERICAL SAMPLING ALGORITHM

Tuckerman et al.| (1992) were able to produce samples of p by taking advantage of Trotter’s
factorization (Trotter, |[1959) of the propagator. The reversible reference system propagator algo-
rithm (RESPA) is still in use to this day and is the basis for most modern integrators, such as the
BAOAB/ABOB/Gromacs stochastic dynamics variants (Leimkuhler & Matthews)} 2012) (Kieninger,
& Keller, 2022), SIN(R) (Leimkuhler et al., 2013), and the basic velocity Verlet (Verlet, |1967).
RESPA avoids the need for discretization in space and only does so in time, with the caveat that it
assumes a delta function initial condition for p if you want to apply their method. To understand

their method, first consider an S stage decomposition with P time steps such that Zle L; and

11
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t = PAt. Utilizing Trotters formula to the solution in eq. 30| gives
P

5 5
At At
U(t) = H exp (—2 £S+1j> H exp (—Q,Ck) =G(AnF (36)
j=1 k=1

where the first product may be thought of as writing the sum Zle L; from largest to smallest index
and the second vice versa. By distributing half the time in a palindromic way a time reversible
approximation is obtained G(At)~! = G(—At). This is simply due to the fact that (AB)~1 =
B~!A~L. Note this is only true if each term in £; has a proper inverse. Tuckerman’s strategy is
very similar to the so-called Strang splitting method (Strang, |1968)).

6.1.3 LANGEVIN THERMOSTAT

Bussi et al.’s integrator, known as the Langevin thermostat, can be considered a special case of
Tuckerman’s integrator with S = 3 stages (Bussi & Parrinello, 2007). The splitting of £ is given by

Lp=-VnU(@Y) Vpn, Lg=M'p" V,x,
1
L, =—y (v,,N N+ BVI,N : (MVI,N)> ) (37)

Such a scheme then gives discretized operator as

G(At) =
exp <A2t£.y> exp <A2t£p> exp (—AtLy) exp (A;Ep> exp (A2t£7> (38)

=velocity Verlet

which corresponds conceptually to the stepping scheme: half thermal step — velocity Verlet — half
a thermal step. This is the OBABO ordering in the notation of Leimkuhler & Matthews| (2012).
An important note is that this operator is not strictly reversible like typical RESPA in the sense
G(At)~! # G(—At), which can be attributed to the dissipative property of L.

With a properly discretized operator, we can consider the time evolution of some density p in the
following way p(x, At) = G(At)p(x,0). To solve the system we may apply each stage sequen-
tially, first consider the thermal £., operator subject to the initial condition p(x,0) = §(x — xo)

1
B

The Green’s function of this differential operator is known (Riskenl 1996).

op(x,t) = —Lyp(z,t) = —v (VprN + =Vpn - (MVPN)> p(x,t). (39)

N _ N _ —vAt/2\T aAg—1(pnN _ N —vAL/2
_ -1 (p Po € ) M~ (p Po € ) N N
p(x, At/2) = 2 At)2 XD <— ST (1 = =87 o(g” —qp)
(40)
3N
where Z,, a2 = (27kT(1 — e 721)) 2 Vdet M. (41)

This probability distribution may then be sampled using the reparameterization trick with z € R3V
which is distributed normally (Kingma & Welling, 2022). Holding the configuration constant this
gives the v update rule as

PRew = Poge A2 + MY2 [k T(1 — e Atz (v update rule). (42)

By sampling we then produce another delta density at the next timestep, implying we can apply the
Green’s function of £, rather fully solving it for a normal density. This is the trick which permits
an avoidance of the full PDE solution.

12
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To solve the next PDE in the Strang splitting chain consider the fact that both £, and £, are
transport equations of the form d;p + V - (bp) = 0 where

_ oV _ [MpN _ _

The divergence free property is due to this being Hamiltonian flow, which is volume preserving
(Hansen & McDonald, [2013)). This permits simplification of the PDE into 0;p + b - Vp = 0 The
solution to a PDE of this form is a just advection. The initial condition and the form asserts the
solution must be of the form p(x, At/2) = §(x — (zo + bAt/2)) (Evans, 2022). Applying this
gives the following update rules, noting that during the update the conjugate variable is held constant.

p}]}’;w = pé)\qd — Vg~ U(qgld)% (p update rule) (44)
Tew = QO + M ™' phalt (q update rule) 45)

This fully specifies an algorithm for sampling p.

It can be helpful to introduce the transition densities derived in this section as kernels K a:(x|x’).
This is the same object as the Green’s function. In this particular case we have the final state
x = (g",p") and initial state ' = (q'"V, p'"V), and three kernels total

EQ) (2|2 = f(oY,p))0(a" — ™), (46)
KE®) (@la') = 5(g" — q™)5 (p™ — ('Y + F(g'N)At)), (47)
K(Aqt)(:ch:’) =4 (qN — (q’N + Mﬁlp'NAt)) 5(pN — p’N), (48)

where F(g") = =V~ U(g") is the force and the function f is

(pN _ p/NefwAt/Z)TMfl(pN _ p/Nef'yAt/Q)
2ka(1 — 6_7“) > ’

F@N,p™N) = Z7 [y exp (— (49)

Which then lets the total kernel for G(At) be
KA (ws|o)
= /Q K1 |@0) K)o (ol KN (s]a2) K)o (wala3) K)o (s |a)day o (50)
det M N Y —aq¥ Ny At ) —qf) NAL Ny
= —— M=——--+4+F — M=———-F — . 51
(At)3Nf <p5, AT (g5) 5 f Al (20') 5 PO 61y

This expression can be derived by executing the integral and applying the sifting property of the
delta function.

6.1.4 THE METROPOLIS CORRECTION

In the limit of infinitesimal At the scheme derived in section [6.1.3] will produce accurate samples
as asserted by Trotter’s factorization being valid in the limit of P — oco. However, in practice this is
never the case as we always choose finite At when running a computer simulation. With finite, but
small, At the sampling can be quite accurate in the sense that it approximately satisfies the so-called
detailed balance (Levin & Peres, [2017)). Mathematically, detailed balance implies the following

Vo € Q,Vy € Q: p(x)Ka(yle) = p(y) Kad(z|y) (52)
To see why satisfying eq. [52]is important, consider integrating both sides with respect to y
/Qp(w)KAt(ylfc)dy = /Qp(y)KAt(ﬁcly)dy (53)

The left hand side clearly gives just p(x) due to Ka¢(y|x) being normalized. The right hand side
is the same as computing the time evolution of the density

/Q o) K ail(@ly)dy = U(AL)p(x). (54)

13
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This implies any density satisfying eq. [52| satisfies U (At)p(x) = p(x), meaning any p satisfying
detailed balance is stationary under the dynamic. In particular the Boltzmann distribution should
satisfy detailed balance. Production of a stationary density is a necessary but not sufficient assertion
for an integrator to be considered good, it is also required to be regular (Manousiouthakis & Deem,
1999).

In our case we do not have the exact kernel K n;. Rather we have its approximation K (Act:) from
the OBABO split defined in[6.1.3] We may account for this discrepancy by rewriting the kernel as a
Metropolis Hastings kernel (Metropolis et al.,|[1953)) which utilizes a new function A(x, y) which is
an acceptance probability. If we accept a move then we make the transition x — y. If we reject the
move then we simply stay at x. Effectively this splits the kernel into two portions (Tierney, [1998).

=r(x)

Kai(yle) = K9 (yle) Az, y) + 6(y — ) / (1- A, 2)Kai(zlz)dz (55

Make the transition
Stay at

This then gives the detailed balance condition as

pl@) (K (wle)Alw,y) + 8y — 2)r(@)) = p(y) (K (2ly) Aly. @) + 8(= — y)r(y))
(56)

This then gives us the freedom to choose the function A(x, y) such that detailed balance is asserted.

Following the proof given by [Andrieu et al.| (2020), consider integrating [56 w.r.t. test functions g
and / on both « and y respectively. Each term involved is strictly positive, this allows the splitting
of the single balance condition into two simpler ones. Firstly

/ 9(@)h(y)o(y — z)r(x)p(x)dzdy = / g(x)h(y)o(x — y)r(y)p(y)dxdy (57)
Q Q

It is clear that the delta functions make this true no matter the choice of r(x), and hence no matter
the choice of A(x,y). This leaves the term involving the discretized kernel.

/Q 9(@)h(Y) KN, (y|z) Az, y)p(z)dedy = /2 9(@)h(y) K, (z|y) Ay, )ply)dedy  (58)

The difficulty now is choosing A(z, y) such that the above is true.
The Metropolis Hastings ansatz for A is given by

(@)
A(x,y) = min L—p(y)KAt (my)) 59)
v ( p(@) K (ylo)
This means we have
. ) il i [ 1. POES @)\
| st@hwK @) <1,p(w)K(£) )
s @, o[ @K W)

but the minimum function is linear. This implies
h(y) min (K K& dad
Q9(96) (y) min ( Kx;" (ylz)p(@), p(y) K o7 (2]y) ) dedy

. G G
~ [ s@h(y)min (K @lyp(w). o) K (vla)) dedy. (6D
Q
which is true for all test functions due to the minimum being symmetric. Therefore we have proven

that the Metropolis Hastings kernel decomposition satisfies detailed balance. This setup implies a
natural 8 step forward simulation scheme given by algorithm I}

14
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Algorithm 1 One integration/Metropolis step of molecular dynamics simulation

Require: Current state * = (qN , pN ), step size At, friction -y, mass matrix M, temperature 7',
potential energy function U
Ensure: Updated state x
Ly« > save current state
2: Half thermal step:

pN . pNevat/z + MY/ /kBT(l _ ef'yAt) z, z ~N(0,I)

3. Half momentum step:
At
p" < p" = VoU(e") =
4: Full configurational step:
@ " + M pN At
5: Half momentum step:
At
p" " = VoU(e") 5
6: Half thermal step:

pN . pNevat/z + MY/ /kBT(l _ e_»yAt) z, z ~N(0,I)

Draw o ~ U(0, 1)
Compute acceptance probability A(x, y)
if a > A(x,y) then
Ty > reject
end if

e Y e

—_ =

6.1.5 FAILURES OF THE LANGEVIN INTEGRATOR AND THE RARE EVENT PROBLEM

The question then remains. Is this enough? Why is the problem of sampling not ’solved” with
this algorithm? We clearly proved samples the correct density, so what is left? Unfortunately, this
algorithm is only accurate in the limit of infinite steps. To better understand the issue we can analyze
an example. Suppose there is a two mode probability distribution, the modes named A and B, both
modes equally probable. In order to transition from mode A — B we must overcome an energy
barrier, I denote this as AFE.

The motion induced by momentum and configurational steps approximately conserve energy
when At is small. This implies the energy change can only be due to the thermal ~ updates, implying
it is purely kinetic. This implies the energy change due to a sampling is given by

AK(pR,) = 2 (PR — PO) "M (PRLy — POL) (62)

The question then is, what is the probability of such a given energy change, i.e. p(AE.), in a single
half thermal step? This may be computed via an expression like

p(AEy) = (AEy — AK(PRew))N (PRew|Poae 722, MEyT(1 — e 72"))dpRey,.  (63)

R3N

Looking closely we may re-parameterize like

Y = [(Prew) = A PM 2 (plL, — phia) where A = By T(1 — e 74Y) (64)
— P, = Poy + AN2MY 2y, det or| _ N3N/2 det | M |H/? (65)

Then this gives
pAE) = [ SR, — 3Nl Ton)dy (66)
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where p = (e 722 — 1)A=1/2M~1/2p,,,. Which clearly gives the non-central x'? statistic with
3N degrees of freedom. This means we have
2BAE, . ( 1— e YAt/2 )

T e—at XN P ,YAt/ngldM 'Powa (67)

We then want to investigate the limit as At — 0, which is the limit of accurate sampling. In such
a limit one can show that E[AE,] — 0 with variance At2. Such a limit implies that the ability to
obtain energy and the ability to have accurate sampling are in direct competition with one another.

Albeit, we do not (and should not) be expecting the sampler to overcome a barrier in one step.
Hence, this analysis is flawed in that we should allow for a chain of states rather than just one. Even
so, as a demonstrative example this emphasizes interplay between the timestep and the energy. A
full analysis of this phenomena has been well studied by [Eyring| (1935) and Kramers| (1940). Their
analysis yields the exit rate k in the small temperature regime 7' — 0 as

k =vexp(—BAE) (68)

where v is a geometric factor involving the curvature of the barrier between A — B, hence is an
entropic factor. In particular (Lelievrel 2018), shows their results again with modern rigor. This
poses the rare event problem on firm mathematical ground, implying the need for methodology
which is not limited by factors like At.

6.2 ESM AND NESM TRAINING ALGORITHMS

Algorithm 2 Training a ESM with a ve- Algorithm 3 Training a NESM with conditional veloc-

locity flow model. ity flow model.
Require: noise z, dataset D, velocity Require: noise z, dataset D, conditional velocity
model 'ue(:c t) model vg (24, triow|tphys; o)
1: for training step k=1, 2 . do 1: for training step k = 1,2,... do
2: Sample {:13}}3 2: Sample {zo}2 , ~ D
3 Sample {z}]é_1 ~ J\/(O7 I) 3 Sample {tpnys } 21 ~ U0, Toa)
4 Sample {thiz, ~u(0,1) 4 Simulate equation [T|for tyny units of time.
3 Ty <= agli—mt)z Ttz 5: x < final simulation state.
6 U 1 tt > target velocity 6 Sample {z}2 | ~ N(0,1)
— 2 7 Sample {tpiow } 2., ~ U(0,1)
7 t) — i=
g 9 - &PT é 1 H’Ue T, ) UHQ 8 Ty, (1 _ tFlow)z + tRiow T
T —x
9: end for 9 w4 S thow > target velocity
1- tBFlow 9
10: L+ % Ei:1 H"’G(wtmothIOW|tPhYSa xo) — u”g
11: 0 < OpPT(0,VyL)

12: end for

6.3 NON-EQUIVARIANT GRAPH TRANSFORMER RESULTS

Tensor Status Mean (A) Std. (A) Max (A)  Tol. A) |[[betore || |latter
feona  FAIL 02716  0.3227 2291 1x1073 4.855 4.81
b FAIL  0.07963 0.06793  0.4004 1x 1073 1323 1.309
n FAIL  0.02949 0.03209 02044 1x 1073  0.2444 02479

Table 2: Summary statistics of equivariance error in equation 21|(in A) computed over 128 samples
from the test dataset. This particular table was for a non-equivariant graph transformer.
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Figure 4: Ramachandran free-energy surface (kJ/mol) for alanine dipeptide generated by a non-
equivariant graph transformer.

CONTRIBUTIONS

Harry Winston Sullivan: Added SE(3) transformer, Equiformer, new message passing network,
and Lightning module codebase; created training, sampling, and equivariance testing scripts; imple-
mented ADP dataset/dataloader, interpolant class, and prior sampler; created architecture figure and
README; wrote SI.

Zichen Huang: Implemented the non-equivariant graph transformer; helped debug the dihedral
indexing issue and the O(3) vs SO(3) bug (very difficult to spot); coded dihedral calculation
and a Hungarian-algorithm filter for results (ultimately unused); attempted an Onsager—Machlup
path sampler; modified experiment configurations; ran experiments (training/sampling/equivariance
checks); monitored training runs and collected logs.

Both: Analysis of results; wrote and refined the report.
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